Boundary value problem for a fractional power of an elliptic operator is considered. An integral representation by means of a standard solution problem for parabolic equations is used to solve such problems. Quadrature generalized Gauss-Laguerre formulas are constructed. We examine the effect of key parameters on the accuracy of the approximate solution: the number of nodes of the quadrature and fractional power of the operator. Computational experiments were performed to model two-dimensional problem with a fractional power of an elliptic operator.
Introduction
Various nonlocal process models [1, 2] , which are based on the use of fractional power of an elliptic operator [3] , are currently actively discussed. In the simplest case, the problem for the fractional Laplacian is formulated as follows. For a bounded domain Ω on the set of functions v(x) = 0, x ∈ ∂Ω we define the linear operator A : Av = − v, x ∈ Ω. We seek the solution of the problem for the equation with the fractional power elliptic operator A α v = f, 0 < α < 1 for a given f (x), x ∈ Ω.
Various computational approaches for approximate solution of the problems with fractional power of an operator are used. As applied to problems of linear algebra, they are discussed in the work [4] . For the problems with the fractional power of the elliptic operator under the consideration, special attention should be paid to the methods whose computational implementation is based on a solution of standard boundary value problems [5] .
For a functional approximation of fractional powers, best uniform rational approximation [6] can be applied. This approach for approximate solving of multidimensional problems of fractional diffusion is implemented in the works [7, 8] . The fractional power of the operator is approximated by the sum of standard operators. Similar approximations can be obtained using the appropriate integral representation of fractional powers of the operator and various quadrature formulas. Classical integral Balakrishnan representations [9, 10] are the basis of the works [11, 12, 13] . Other integral representations are used in our paper [14] .
A solution to a problem with a fractional power of an elliptic operator can be obtained from a solution to a problem of a larger dimension. In [15] it is shown that the solution of the fractional Laplacian problem can be obtained as a solution to the elliptic problem on the semi-infinite cylinder domain. Computational algorithms based on such a relationship are discussed, for example, in [16] .
For solving fractional power elliptic problems, we have proposed [17] a numerical algorithm based on a transition to a pseudo-parabolic equation (Cauchy problem method). The computational algorithm is simple for practical use, robust, and applicable to solving a wide class of problems. To increase the accuracy of the approximate solution, two-and three-level schemes of higher order approximation on regular and irregular grids (see, for example, [18, 19] ) are used.
Boundary value problems for the fractional power of an elliptic operator are often considered [20] in terms of the methods of semigroups. In the works [21, 22] , a singular integral expression is used to construct an approximate solution by solving the standard Cauchy problem for the parabolic equation. Special quadrature formulas that take into account the singularity and finite element approximations in space are used.
In the present paper, we also use the representation of the solution of the boundary value problem for the fractional power of a positive definite elliptic operator by solving IVP for the parabolic equation. The amplitude dependence of the solution of the auxiliary parabolic problem is highlighted. Approximations of the desired solution of fractional elliptical BVP is based on generalized Gauss-Laguerre formula [23] , which most fully takes into account the singularity of the integral representation.
The paper is organized as follows. Section 2 describes a problem for an equation with a fractional power of an elliptic operator of second order. The problem is considered in a rectangle using a standard finite-difference approximation on a uniform grid. Singular integral expression through the solution of a standard Cauchy problem for the parabolic equation is discussed in Section 3. In Section 4, we construct the corresponding quadrature formulas. Numerical experiments for a model two-dimensional problem with the fractional power of the Laplace operator are given in Section 5. The results of the work are summarized in Section 6.
Problem formulation
In a bounded polygonal domain Ω ⊂ R 2 with the Lipschitz continuous boundary ∂Ω, we search the solution of a problem with a fractional power of an elliptic operator. Here, we use the definition of a fractional power of an elliptic operator that relies on the spectral theory [10] . The elliptic operator is introduced as
with coefficients 0 < a 1 ≤ a(x) ≤ a 2 , c(x) ≥ 0. The operator A is defined on the set of functions v(x) that satisfy the following conditions on the boundary ∂Ω:
v(x) = 0, x ∈ ∂Ω.
In the Hilbert space H = L 2 (Ω), we define the scalar product and norm in a standard way:
In the spectral problem
and the eigenfunctions ϕ k , ϕ k = 1, k = 1, 2, ... form a basis in L 2 (Ω). Therefore,
Let the operator A be defined in the following domain:
Under these conditions A : L 2 (Ω) → L 2 (Ω) and the operator A is self-adjoint and positive definite:
where I is the identity operator in H. In applications, the value of λ 1 is unknown (the spectral problem must be solved). Therefore, we suppose that ν ≤ λ 1 in (3). Let us assume for the fractional power of the operator A:
The solution v(x) satisfies the equation
under the restriction 0 < α < 1.
We consider the simplest case where the computational domain Ω is a rectangle
To solve the problem approximately (4), we introduce a uniform grid in the domain Ω ω = {x | x = (x 1 , x 2 ) , x n = i n h n , i n = 0, 1, ..., N n , N n h n = l n , n = 1, 2},
where ω = ω ∪ ∂ω and ω is the set of interior nodes, whereas ∂ω is the set of boundary nodes of the grid. For the grid functions u(x) such as u(x) = 0, x / ∈ ω, we define the Hilbert space H = L 2 (ω), where the scalar product and the norm are specified as follows:
For u(x) = 0, x / ∈ ω, the grid operator A can be written as
For the above grid operators (see [24, 25] ), we have
where I is the grid identity operator in H. For problems with sufficiently smooth coefficients and the right-hand side, it approximates the differential operator with the truncation error O |h| 2 , |h| 2 = h 2 1 + h 2 2 . To handle the fractional power of the grid operator A, let us consider the eigenvalue problem
We have
where eigenfunctions ψ k , ψ k = 1, k = 1, 2, ..., K, form a basis in H. Therefore
For the fractional power of the operator A, we have
Using the above approximations, from (4), we arrive at the discrete problem
where, for example, b(x) = f (x), x ∈ ω. This problem is considered for (5), moreover, δ ≤ µ 1 .
Representation by solving parabolic IVP
An approximate solution to the boundary value problem for the fractional degree of an elliptic operator (7) often based on the use of one or another integral representation. For example, in the works mentioned above [11, 12] the Balakrishnan formula [9, 10] is used when
The approximation of A −α is based on the use of one or another quadrature formulas for the right-hand side of (8).
Here, the possibilities of approximating both the fractional power of the operator A −α and approximating the solution of the problem are realized.
Rational function approximation A −α :
where γ i > 0 are the weights, and θ i > 0, i = 1, 2, . . . , m are the nodes of the quadrature formula for (8).
2. An approximate solution to the problem (4):
The inverse operator of the fractional power elliptic problem is treated as a sum of inverse operators of classical elliptic operators and the required approximate solution of the problem is taken as the sum of the solutions of standard elliptical BVP.
The integral representation of the fractional power of the elliptic operator, which is fundamentally different from (8) used in works [21, 22] . It is based on the method of semigroups, A −α is defined through an integral formulation as follows
where Γ(α) is gamma function. In this case, the solution to the problem (7) is
Function w(t) = e −tA b is a solution of the following Cauchy problem
By the representation (10) we have
For (1), (2) the problem (11), (12) is the standard Cauchy problem for a second-order parabolic equation. Based on (13), the fractional elliptical BVP solution is represented by the IVP solution for the parabolic equation. Nonlocal stationary problem is associated with solving a non-stationary local problem and therefore, the considered approach is methodologically close to Cauchy problem method, which is proposed in [17] .
We note the most important features of the approximation of the fractional power of the operator A −α and the problem solutions (7) based on the integral representation (9).
1. With quadrature formulas for (9) we come to the approximation A −α with operator exponentials:
Here, as before, γ i > 0, θ i > 0, i = 1, 2, . . . , m are the weights and nodes of the corresponding quadrature formula. 2. For an approximate solution to the problem (7) from (13) we have
where w(t) is the solution to the problem (11), (12) .
Thus, the computational algorithm for solving the problem (7) can be built on a numerical solution of the Cauchy problem (11), (12) , according to which we have the approximate solution with the selected quadrature formula (see (14) ).
The integral representation (13) is singular, that is, the integrand has a singularity for t → 0 for 0 < α < 1. For this reason, we can not rely on the accuracy of quadrature formulas, especially when α → 0. We extend the class of integral representations to eliminate the singularities of the integrand.
It is possible to transform (13) taking into account (11), (12) . Based on the solutions of the Cauchy problem (11), (12) we have
Integrating by parts allows writing (13) as
where v = Aw. From (11), (12) we have the Cauchy problem for v:
We arrive at a similar result based on the representation (9) . Replacing α by α + p, where p has a non-negative integer, we get
For the problem solution with a fractional power of the operator (5), it follows from (18) that
We define function w(t) = e −tA A p b as a solution of the equation (11), supplemented by the initial condition
To solve the problem (5) from (19) we obtain the representation
For p = 1, the integral representation (21) through the solution of the problem (11), (20) corresponds to (16)-(18).
Numerical integration
We have two sources of errors in the approximate representation of the solution of the boundary value problem for the fractional power of a discrete elliptic operator through the solution of a parabolic problem. The first is related to the approximate calculation of the integral (21), the second is connected with a numerical solution of the Cauchy problem (11) , (20) . At this stage of our study, we assume that the problem (11) , (20) is solved accurately and we will focus on the errors of approximate integration.
When using quadrature formulas (14) for an approximate solution of the problem (7) it is necessary to take into account the possible singularity of the integral representation: integration on the half-line and the features of the integrand. In the works of Cusimano et al. [21, 22] integration (13) is held at a uniform partitioning of the final interval and the weights of the quadrature formula are associated with the function θ α−1 . Taking into account (6) to solve the problem (11) , (20) we have the representation
From this perspective, from (21) we obtain
Introducing a new integration variable ξ = δθ from (22) we get
In view of this, it is necessary to construct quadrature formulas for the integrals
in which the integrand is
Concerning (22) we have
When calculating the integrals (23) with the weight function ξ α+p−1 e −ξ , 0 < α < 1, p ≥ 0, we focus on the generalized Gauss-Laguerre quadrature formula [23] . In this case
where the nodes of the quadrature formula ξ i are the zeros of the generalized Laguerre polynomial L (α+p−1) m (ξ), and weights are
The accuracy of the approximate calculation of S(α + p, κ) is estimated at κ ∈ [0, 10 5 ] by the value of the relative error
For convenience of the analysis of the calculated data, the dependence on α and p is highlighted separately. The accuracy of the generalized Gauss-Laguerre quadrature formula for calculating the integral S(α+p, κ) with a different number of nodes is given in Table 1 . The accuracy decreases with decreasing fractional power α and monotonically increases with increasing α + p. A fundamental increase in accuracy is achieved by choosing p > 0. 
The numerical solution of fractional elliptical BVP
We will illustrate the possibilities of an approximate solution to the problem (1), (2), (4) based on the solution of the Cauchy problem (11) , (20) using the quadrature formula (25) . The model problem for the Laplace operator is considered when
For eigenfunctions and eigenvalues (6) we have (see, e.g., [25] ):
Direct calculations yield
The model problem (4) is solved numerically with two right-hand sides:
where sgn(x) is the sign function. We consider the problem with both a smooth right-hand side when choosing f = f 1 and a non-smooth one choosing f = f 2 . The numerical solution of the problem (7) with the right-hand side b(x) = f (x) = f β (x), β = 1, 2, x ∈ ω is depicted in Figure 1 and Figure 2 for different values of α. For convenience of the comparison, the following function is shown
For the discontinuous right-hand side (f = f 2 , Figure 2 ), we observe the formation of internal and boundary layers with decreasing α. The relative error the approximate solution of the problem with the fractional power of the elliptic operator is determined as follows:
where u is the exact solution of the problem (7) and u is the approximate one. The calculations were performed using the generalized Gauss-Laguerre quadrature formula with δ = µ 1 . A fairly detailed grid is used with N 1 = N 2 = 256. The dependence of the accuracy of the approximate solution of the problem (7) on the key computational parameters is traced according to the data in Table 2 and Table 3 . In particular, the most important is the dependence on the number of nodes of the quadrature formula M . Note that as the parameter p increases, the accuracy of the approximate solution does not decrease. Therefore, we choose p = 0. Comparison of Table 2 and Table 3 shows a significant drop in accuracy for a problem with a non-smooth right side. The dependence of the accuracy of the approximate solutions on the discrete problem (7) of the number of nodes in space is of great interest as well. The calculation results for various values of N = N 1 = N 2 are presented in Table 4 and Table 5 . The dimension of a discrete problem practically does not affect the accuracy of quadrature formula for an approximate solution of fractional elliptical BVP.
Conclusions

1.
To solve the problem with a fractional power of a positive definite operator, we use the known integral representation of the solution by solving the Cauchy problem. The possibilities of such representation are expanded due to the transition to the problem with the new initial conditions. The key dependence of the solution on the time of the auxiliary non-stationary problem, associated with the constant positive definiteness operator, is defined for constructing optimal Gaussian quadratures. 2. An approximate solution is based on the use of the generalized Gauss-Laguerre quadrature formula.
The accuracy of the quadrature formula is studied on the representative parametric integration problem depending on the key parameters: degrees 0 < α < 1 and the number of nodes of the quadrature formula. 3. The model problem with the fractional power of the Laplace operator with a smooth and discontinuous right-hand side is considered in a rectangle. Its approximate solution is obtained based on the integral representation by solving the parabolic Cauchy problems. The results of the numerical experiments on the influence of the smoothness of the right-hand side on the accuracy of the approximate solutions using a different number of integration nodes are presented.
